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Retarded integral and differ-
ential equationAbstract In this paper, we investigate some new nonlinear retarded integral inequalities of Gron-
wall–Bellman–Pachpatte type. These inequalities generalize some former famous inequalities and
can be used as handy tools to study the qualitative as well as the quantitative properties of solutions
of some nonlinear retarded differential and integral equations. An application is also presented to
illustrate the usefulness of some of our results in estimation of solution of certain retarded nonlinear
differential equations with the initial conditions.
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Integral inequalities involving functions of one independent
variable, which provide explicit bounds on unknown functionsplay a fundamental role in the development of the theory of
linear and nonlinear ordinary differential equations, integral
equations, and differential-integral equations, see for instance
[1–3]. One of the best known and widely used inequalities in
the study of nonlinear differential equations is Gronwall–Bell-
man inequality [4,5], which has become one of the very few
classical and most inﬂuential results in the theory and applica-
tions of inequalities. Because of its fundamental importance,
over the years, many generalizations and analogous results
of Gronwall–Bellman inequality have been established, such
as [6–28]. Gronwall–Bellman inequality can be stated as
follows:
Generalizations of certain retarded nonlinear integral inequalities 471Theorem 1.1. Let fðtÞ and uðtÞ be a real-valued nonnegative
continuous functions deﬁned on D1 ¼ ½0; h, and let u0 and h be
positive constants for which the inequality
uðtÞ 6 u0 þ
Z t
0
fðsÞuðsÞds; 8t 2 D1:
Then
uðtÞ 6 u0 exp
Z t
0
fðsÞds
 
; 8t 2 D1:
However, in certain situations the bounds provided by the
above-mentioned inequalities are not directly applicable, and
it is desirable to ﬁnd some new estimates which will be equally
important in order to achieve a diversity of desired goals. In
the present paper we establish explicit bounds on retarded
Gronwall–Bellman and Pachpatte-like inequalities and extend
certain results that were proved be El-Owaidy et al. in [13],
which can be used to study the qualitative behavior of the solu-
tions of certain classes of retarded differential equations. In
our results, there are not only composite functions of unknown
functions in iterated integrals on the right hand side of our
inequalities, but also the composite functions of unknown
function exist in every layer of the iterated integrals, also we
illustrate an application of our results, which veriﬁes that
our results are handy tools to study the qualitative properties
of nonlinear differential equations and integral equations.
Theorem 1.2 (Lipovan [10]). Let u; f 2 Cð½t0;T0;RþÞ. Fur-
ther, let a 2 Cð½t0;T0; ½t0;T0Þ be a nondecreasing with aðtÞ 6 t
on ½t0;T0, and let k be a nonnegative constant.
Then the inequality
uðtÞ 6 kþ
Z aðtÞ
aðt0Þ
fðsÞuðsÞds; t0 < t < T0;
implies that
uðtÞ 6 k exp
Z aðtÞ
aðt0Þ
fðsÞds
 !
; t0 < t < T0:
Theorem 1.3 (Agarwal [11]). Let / 2 CðRþ;RþÞ be an increas-
ing function, u; a; f 2 Cð½t0;T0;RþÞ; aðtÞ be an increasing func-
tion, and aðtÞ 2 Cð½t0;T0; ½t0;T0Þ be a nondecreasing with
aðtÞ 6 t on ½t0;T0 where T0 2 ð0;1Þ is a constant . Then the
inequality
uðtÞ 6 aðtÞ þ
Z aðtÞ
að0Þ
fðsÞ/ðuðsÞÞds; t0 < t < T0;
implies that
uðtÞ 6W1 WðaðtÞÞ
Z aðtÞ
að0Þ
fðsÞds
 !
; t0 < t < T0;
where
WðtÞ ¼
Z t
1
dt
/ðtÞ ds; t > 0;
W1 is the inverse function of W, and T is the large number such
that
WðaðTÞÞ
Z aðTÞ
að0Þ
fðsÞds 6
Z 1
1
dt
/ðtÞ ds:2. Main results
In this section, several new generalized retarded integral
inequalities of Gronwall–Bellman type are introduced.
Throughout this article, R denoted the set of real numbers,
I ¼ ½0;1Þ is the subset of R;0 denotes the derivative. CðI; IÞ
denotes the set of all continuous functions from I into I and
C1ðI; IÞ denotes the set of all continuously differentiable func-
tions from I into I.
Theorem 2.1. Let uðtÞ; gðtÞ; fðtÞ 2 CðI; IÞ be nonnegative func-
tions. We suppose that u;u0; a 2 C1ðI; IÞ are increasing func-
tions, with u0ðtÞ 6 k;u > 0; aðtÞ 6 t; að0Þ ¼ 0, for all t 2 I; k; u0
be positive constants, If the inequalityuðtÞ 6 u0 þ
Z aðtÞ
0
fðsÞuðuðsÞÞ uðuðsÞÞ þ
Z s
0
gðkÞuðuðkÞÞdk
 
ds;
8t 2 I; ð2:1Þ
holds, for all t 2 I. Then
uðtÞ 6 U1 Uðu0Þ þ
Z aðtÞ
0
fðsÞbða1ðsÞÞds
 
; 8t 2 I; ð2:2Þ
where
UðrÞ ¼
Z r
1
dt
uðtÞ ; r > 0; ð2:3Þ
and
bðtÞ ¼ exp
Z aðtÞ
0
gðsÞds
 
ðu1ðu0ÞÞ  k
Z aðtÞ
0
fðsÞ exp
Z s
0
gðkÞdk
 
ds
 1
;
ð2:4Þ
for all t 2 I, such that ðu1ðu0ÞÞ  k
R aðtÞ
0
fðsÞ exp R s
0
gðkÞdk ds >
0; 8t 2 I.
Proof. Let zðtÞ denotes the function on the right-hand side of
(2.1), which is a nonnegative and nondecreasing function on I
with zð0Þ ¼ u0. Then (2.1) is equivalent to
uðtÞ 6 zðtÞ; uðaðtÞÞ 6 zðaðtÞÞ 6 zðtÞ; 8t 2 I: ð2:5Þ
Differentiating zðtÞ, with respect to t, we get
dz
dt
¼ a0ðtÞfðaðtÞÞuðuðaðtÞÞÞ½uðuðaðtÞÞÞ þ
Z aðtÞ
0
gðsÞuðuðsÞÞds; 8t
2 I:
Using (2.5), we get
dz
dt
6 a0ðtÞfðaðtÞÞuðzðaðtÞÞÞyðtÞ; 8t 2 I; ð2:6Þ
where yðtÞ¼uðzðtÞÞþR aðtÞ
0
gðsÞuðzðsÞÞds;yð0Þ¼uðzð0ÞÞ¼uðu0Þ;
yðtÞ is a nonnegative and nondecreasing function on I. By the
monotonicity u;u0;z and aðtÞ6 t we have uðzðtÞÞ6yðtÞ;
u0ðzðtÞÞ6k. Differentiating yðtÞ with respect to t, and using
(2.6), we have
dy
dt
6 u0ðzðtÞÞa0ðtÞfðaðtÞÞy2ðtÞ þ a0ðtÞgðaðtÞÞuðzðtÞÞ
6 ka0ðtÞfðaðtÞÞy2ðtÞ þ a0ðtÞgðaðtÞÞyðtÞ; 8t 2 I: ð2:7Þ
But yðtÞ > 0, from (2.7) we get
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dt
 a0ðtÞgðaðtÞÞy1ðtÞ 6 ka0ðtÞfðaðtÞÞ; 8t 2 I: ð2:8Þ
If we let
vðtÞ ¼ y1ðtÞ; 8t 2 I; ð2:9Þ
then we get vð0Þ ¼ u1ðu0Þ and y2ðtÞ dydt ¼  dvdt, thus from (2.8)
and (2.9), we have
dv
dt
þ a0ðtÞgðaðtÞÞP ka0ðtÞfðaðtÞÞ; 8t 2 I:
The above inequality implies an estimation for vðtÞ as in the
following
vðtÞP exp 
Z aðtÞ
0
gðsÞds
 
ðu1ðu0ÞÞ


Z aðtÞ
0
fðsÞ exp
Z s
0
gðkÞdk
 
dsÞ; ð2:10Þ
for all t 2 I, from (2.4), (2.9) and (2.10), we get yðtÞ 6 bðtÞ,
where bðtÞ as deﬁned in (2.4). Thus from (2.6) we have
dz
dt
6 a0ðtÞfðaðtÞÞuðzðtÞÞbðtÞ; 8t 2 I: ð2:11Þ
By taking t ¼ s in (2.11) and integrating it from 0 to t, using
(2.3), we obtain
zðtÞ 6 U1 Uðu0Þ þ
Z t
0
a0ðsÞfðaðsÞÞbðsÞ
 
ds;
6 U1 Uðu0Þ þ
Z aðtÞ
0
fðsÞbða1ðsÞÞ
 
ds; 8t 2 I: ð2:12Þ
Using (2.12) in (2.5), we get the required inequality in (2.2).
This completes the proof. h
Theorem 2.2. Let uðtÞ; gðtÞ; hðtÞ 2 CðI; IÞ be nonnegative func-
tions, and fðtÞ is a positive, monotonic, nondecreasing function.
We suppose that u;u0; a 2 C1ðI; IÞ are increasing functions
and uðuðtÞÞ
fðtÞ 6 uðuðtÞfðtÞÞ, with u0ðtÞ 6 k; aðtÞ 6 t; að0Þ ¼ 0, for all
t 2 I; k; u0 be positive constants. If the inequality
uðtÞ 6 fðtÞ þ
Z aðtÞ
0
gðsÞuðuðsÞÞdsþ
Z aðtÞ
0
gðsÞuðuðsÞÞ½uðuðsÞÞ
þ
Z s
0
hðkÞuðuðkÞÞdkds; ð2:13Þ
holds for all t 2 I. Then
uðtÞ 6 fðtÞU1 Uð1Þ þ
Z aðtÞ
0
gðsÞ½1þ fðsÞHða1ðsÞÞds
 
;
ð2:14Þ
for all t 2 I, where U as deﬁned in (2.3) and
HðtÞ ¼ expð
R aðtÞ
0
½kgðsÞ þ hðsÞdsÞ
u1ð1Þ  R aðtÞ
0
kgðsÞfðsÞ expðR s
0
½kgðsÞ þ hðsÞdsÞds
;8 t 2 I;
ð2:15Þ
such thatZ aðtÞ
0
gðsÞfðsÞ exp
Z s
0
½gðsÞ þ hðsÞds
 
ds < u1ð1Þ; 8 t 2 I:
Proof. Since fðtÞ is a positive, monotonic, nondecreasing func-
tion, we observe from (2.13) thatuðtÞ
fðtÞ 6 1þ
Z aðtÞ
0
gðsÞuðuðsÞÞ
fðsÞ dsþ
Z aðtÞ
0
gðsÞfðsÞuðuðsÞÞ
fðsÞ
 uðuðsÞÞ
fðsÞ þ
Z s
0
hðkÞuðuðkÞÞ
fðkÞ dk
 
ds;
for all t 2 I. By the relation uðuðtÞÞ
fðtÞ 6 uðuðtÞfðtÞÞ, then the above
inequality can be written as
uðtÞ
fðtÞ 6 1þ
Z aðtÞ
0
gðsÞu uðtÞ
fðtÞ
 
dsþ
Z aðtÞ
0
gðsÞfðsÞu uðtÞ
fðtÞ
 
 u uðtÞ
fðtÞ
 
þ
Z s
0
hðkÞu uðkÞ
fðkÞ
 
dk
 
ds;
for all t 2 I. Let
rðtÞ ¼ uðtÞ
fðtÞ ; 8 t 2 I; rð0Þ 6 1; ð2:16Þ
hence
rðtÞ 6 1þ
Z aðtÞ
0
gðsÞuðrðsÞÞdsþ
Z aðtÞ
0
gðsÞfðsÞuðrðsÞÞ½uðrðsÞÞ
þ
Z s
0
hðkÞuðrðkÞÞdkds; ð2:17Þ
for all t 2 I.
Let VðtÞ denotes the function on the right-hand side of
(2.17), which is a nonnegative and nondecreasing function on I
with Vð0Þ ¼ 1. Then (2.17) is equivalent to
rðtÞ 6 VðtÞ; rðaðtÞÞ 6 VðaðtÞÞ 6 VðtÞ; 8t 2 I: ð2:18Þ
Differentiating VðtÞ, with respect to t and using (2.18), we get
V0ðtÞ 6 gðaðtÞÞa0ðtÞuðVðtÞÞ½1þ fðaðtÞÞcðtÞ; 8 t 2 I; ð2:19Þ
where cðtÞ ¼ uðVðtÞÞ þ R aðtÞ
0
hðsÞuðVðsÞÞds, hence cð0Þ ¼ uð1Þ,
and uðVðtÞÞ 6 cðtÞ; cðtÞ is a nonnegative and nondecreasing
function on I. By the monotonicity of u;u0;V and aðtÞ 6 t
we have uðVðtÞÞ 6 cðtÞ;u0ðVðtÞÞ 6 k. Differentiating cðtÞ with
respect to t, and using (2.19), we get
c0ðtÞ 6 ½kgðaðtÞÞ þ hðaðtÞÞa0ðtÞcðtÞ þ kgðaðtÞÞa0ðtÞfðaðtÞÞc2ðtÞ;
8 t 2 I;
but cðtÞ > 0, thus from the above inequality, we get
c2ðtÞc0ðtÞ ½kgðaðtÞÞþhðaðtÞÞa0ðtÞc1ðtÞ6 kgðaðtÞÞa0ðtÞfðaðtÞÞ;
8 t2 I: ð2:20Þ
If we let
lðtÞ ¼ c1ðtÞ; 8 t 2 I; ð2:21Þ
then we get lð0Þ ¼ u1ð1Þ and c2c0ðtÞ ¼ l0ðtÞ, thus from
(2.20), we have
l0ðtÞ þ ½kgðaðtÞÞ þ hðaðtÞÞa0ðtÞlðtÞ
P kgðaðtÞÞa0ðtÞfðaðtÞÞ; 8 t 2 I:
The above inequality implies the estimation for lðtÞ such that
lðtÞPu
1ð1ÞkR aðtÞ
0
gðsÞfðsÞexpðR s
0
½kgðsÞþhðsÞdsÞds
expðR aðtÞ
0
½kgðsÞþhðsÞdsÞ
; 8 t2 I:
Then from the above inequality in (2.21), we have
cðtÞ 6 HðtÞ; 8 t 2 I;
Generalizations of certain retarded nonlinear integral inequalities 473where HðtÞ as deﬁned in (2.15), thus from (2.19) and the above
inequality, we obtain
V0ðtÞ 6 gðaðtÞÞa0ðtÞuðVðtÞÞ½1þ fðaðtÞÞHðtÞ; 8 t 2 I: ð2:22Þ
Since uðVðtÞÞ > 0, for all t > 0, then from (2.22) we have
V0ðtÞ
uðVðtÞÞ 6 gðaðtÞÞa
0ðtÞ½1þ fðaðtÞÞHðtÞ;
for all t 2 I. By taking t ¼ s in the above inequality and inte-
grating it from 0 to t, and using the deﬁnition of U in (2.3),
we get
UðVðtÞÞ 6 Uð1Þ þ
Z aðtÞ
0
gðsÞ½1þ fðsÞHða1ðsÞÞ; ð2:23Þ
for all t 2 I, where U is deﬁned by (2.3), from (2.23), we have
VðtÞ 6 U1 Uð1Þ þ
Z aðtÞ
0
gðsÞ½1þ fðsÞHða1ðsÞÞds
 
; ð2:24Þ
for all t 2 I, from (2.16), (2.18) and (2.24) we get the required
inequality in (2.14). This completes the proof. h
Remark 2.1. Theorem 2.2 gives the explicit estimation in The-
orem 2.3 in [13], when uðuðtÞÞ ¼ uðtÞ.
Theorem 2.3. Let uðtÞ; gðtÞ; fðtÞ 2 CðI; IÞ be nonnegative func-
tions. We suppose that u1;u2; a 2 C1ðI; IÞ are increasing func-
tions with aðtÞ 6 t;uiðtÞ > 0; i ¼ 1; 2; að0Þ ¼ 0 and u01ðtÞ ¼
u2ðtÞ, for all t 2 I; u0 be positive constant. If the inequality
u1ðuðtÞÞ6 u0þ
Z aðtÞ
0
fðsÞu2ðuðsÞÞ uðsÞþ
Z s
0
gðkÞu1ðuðkÞÞdk
 p
ds;
8t2 I; ð2:25Þ
holds, for all t 2 I. Then
uðtÞ 6 u11 ðu0Þ þ
Z aðtÞ
0
fðsÞb1ða1ÞðsÞds; 8t < T1; ð2:26Þ
where
b1ðtÞ ¼ X1 X up11 ðu0Þ þ ð1 pÞ
Z aðtÞ
0
fðsÞds
  1
1p
 ! 
þ
Z aðtÞ
0
gðsÞds

; ð2:27Þ
XðtÞ ¼
Z t
1
ds
u1ðsÞ
; 8t > 0; ð2:28Þ
X1;u11 are the inverse functions of X;u1 respectively and T1 is
the largest number such that
X up11 ðu0Þ þ ð1 pÞ
Z aðtÞ
0
fðsÞds
  1
1p
 !
þ
Z aðtÞ
0
gðsÞds
6
Z 1
1
ds
u1ðsÞ
; ð2:29Þ
for all t < T1.
Proof. Let u1ðJðtÞÞ denotes the function on the right-hand side
of (2.25), which is a nonnegative and nondecreasing function
on I with Jð0Þ ¼ u11 ðu0Þ. Then (2.25) is equivalent touðtÞ 6 JðtÞ; uðaðtÞÞ 6 JðaðtÞÞ 6 JðtÞ; 8t 2 I: ð2:30Þ
Differentiating u1ðJðtÞÞ, with respect to t, and using (2.30), we
get
u01ðJðtÞÞ
dJðtÞ
dt
¼ a0ðtÞfðaðtÞÞu2ðuðaðtÞÞÞ½uðaðtÞÞÞ
þ
Z aðtÞ
0
gðkÞu1ðuðkÞÞdkp 6 a0ðtÞfðaðtÞÞu2ðJðtÞÞ
 ½JðtÞ þ
Z aðtÞ
0
gðkÞu1ðJðkÞÞdk
p
; 8t 2 I:
Using the relation u01ðJðtÞÞ ¼ u2ðJðtÞÞ, then from the above
inequality, we obtain
dJðtÞ
dt
6 a0ðtÞfðaðtÞÞwpðtÞ; ð2:31Þ
where
wðtÞ ¼ JðtÞ þ R aðtÞ
0
gðsÞu1ðJðsÞÞds; wð0Þ ¼ Jð0Þ ¼ u11 ðu0Þ and
JðtÞ 6 wðtÞ; w is a nonnegative and nondecreasing function
on I. Differentiating wðtÞ with respect to t, and using (2.31),
we have
dw
dt
6 a0ðtÞfðaðtÞÞwpðtÞ þ a0ðtÞgðaðtÞÞu1ðJðaðtÞÞÞ
6 a0ðtÞfðaðtÞÞwpðtÞ þ a0ðtÞgðaðtÞÞu1ðwðaðtÞÞÞ; 8t 2 I:
ð2:32Þ
By wðtÞ > 0, from (2.32), we get
dw
wpðtÞ 6 a
0ðtÞfðaðtÞÞdtþ a0ðtÞgðaðtÞÞu1ðwðaðtÞÞÞ
wpðaðtÞÞ dt; 8t 2 I:
ð2:33Þ
Integrating (2.33) from 0 to t, we have
w1pðtÞ 6 up11 ðu0Þ þ ð1 pÞ
Z aðtÞ
0
fðsÞdsþ ð1 pÞ

Z aðtÞ
0
gðsÞu1ðwðsÞÞ
wpðsÞ ds; ð2:34Þ
for all t 2 I, from (2.34), we have
w1pðtÞ 6 up11 ðu0Þ þ ð1 pÞ
Z aðTÞ
0
fðsÞdsþ ð1 pÞ

Z aðtÞ
0
gðsÞu1ðwðsÞ
wpðsÞ ds; ð2:35Þ
for all t 6 T, where 0 6 T < T1 is chosen arbitrarily, T1 is
deﬁned by (2.29). Let m1pðtÞ denote the function on the
right-hand side of (2.35), which is a positive and nondecreasing
function on I with mð0Þ ¼ up11 ðu0Þ þ ð1 pÞ
R aðTÞ
0
fðsÞds
h i 1
1p
and
wðtÞ 6 mðtÞ; 8t < T: ð2:36Þ
Differentiating m1pðtÞ with respect to t and using (2.36), we
get
dm
u1ðmðtÞÞ
6 a0ðtÞgðaðtÞÞ; 8t < T; ð2:37Þ
by the deﬁnition of X in (2.28), then from (2.37), we obtain
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Z aðtÞ
0
gðsÞds
6X up11 ðu0Þþð1pÞ
Z aðTÞ
0
fðsÞds
  1
1p
 !
þ
Z aðtÞ
0
gðsÞds;
for all t < T. Let t ¼ T, then from the above inequality, we get
XðmðtÞÞ 6 X up11 ðu0Þ þ ð1 pÞ
Z aðTÞ
0
fðsÞds
  1
1p
 !
þ
Z aðTÞ
0
gðsÞds:
ð2:38Þ
Since 0 < T < T1 is chosen arbitrary, then from (2.38) in
(2.36), we obtain
wðtÞ 6 b1ðtÞ; 8t < T1; ð2:39Þ
where b1ðtÞ as deﬁned in (2.27), thus from (2.31) and (2.39), we
obtain
dJðtÞ
dt
6 a0ðtÞfðaðtÞÞb1ðtÞ; 8t < T1: ð2:40Þ
By taking t ¼ s in (2.40) and integrating it from 0 to t we have
JðtÞ 6 u11 ðu0Þ þ
Z aðtÞ
0
fðsÞb1ða1ÞðsÞds; 8t < T1: ð2:41Þ
Using (2.41) in (2.30), we get the required inequality in (2.26).
This completes the proof. h3. An application
In this section, we apply our result obtained in Theorem 2.1 to
the following nonlinear retarded differential equation with the
initial condition.
duðtÞ
dt
¼ Mðt; uðaðtÞÞ;Hðt; uðaðtÞÞÞÞ; 8t 2 I;
uð0Þ ¼ u0;
8><
>: ð3:1Þ
where u0 is a constant,M 2 CðI3;RÞ H 2 CðI I;RÞ, satisfy the
following conditions:
jMðt; u;HÞj 6 fðaðtÞÞuðuðaðtÞÞÞ
juðaðtÞÞj þ
Z t
0
jKðs; uðaðsÞÞÞjds
 
; ð3:2Þ
jKðt; uðaðtÞÞÞj 6 gðaðtÞÞuðuðaðtÞÞÞ; ð3:3Þ
where fðtÞ; gðtÞ as deﬁned in Theorem 2.1.
Corollary 3.1. Consider nonlinear system (3.1) and suppose
that M;H satisfy the conditions (3.2) and (3.3). We suppose
that u;u0; a 2 C1ðI; IÞ are increasing functions with u01ðtÞ 6
k; aðtÞ 6 t; að0Þ ¼ 0, for all t 2 I; k; u0 are positive constants,
then each solution uðtÞ of (3.1) under discussion veriﬁes the
following estimation:
uðtÞ 6 U1 Uðu0Þ þ
Z aðtÞ
0
fðsÞ
a0ða1ðsÞÞ b2ða
1ðsÞÞds
 
; 8t 2 I;
ð3:4Þ
where U as deﬁned in (2.3), andb2ðtÞ ¼ exp
Z aðtÞ
0
gðsÞ
a0ða1ðsÞÞ ds
 
 ðu1ðu0ÞÞ  k
Z aðtÞ
0
fðsÞ
a0ða1ðsÞÞ

 exp
Z s
0
gðkÞ
a0ða1ðkÞÞ dk
 
ds
1
; 8t 2 I; ð3:5Þ
Proof. Integrating both sides of (3.1) from 0 to t, we have
uðtÞ ¼ u0 þ
Z t
0
Mðs; uðaðsÞÞ;Hðs; uðaðsÞÞÞÞds; 8t 2 I; ð3:6Þ
using the conditions (3.2) and (3.3), then from (3.6) we get
juðtÞj6 u0 þ
Z t
0
fðsÞjuðuðaðsÞÞÞj juðuðaðsÞÞÞj þ
Z s
0
gðaðkÞÞjuðuðaðkÞÞÞjdk
 
ds
6 u0 þ
Z aðtÞ
0
fðsÞjuðuðsÞÞj
a0ða1ðsÞÞ juðuðsÞÞj þ
Z s
0
gðkÞjuðuðkÞÞ
a0ða1ðsÞÞ jdk
 
ds;
for all t 2 I, applying Theorem 2.1 to the above inequality, we
obtain the required estimation (3.4). This completes the
proof. h
Remark 3.1. Gronwall-like inequality can be applied to the
analysis of the behavior of the solutions of some retarded non-
linear differential equations. Our results also can be used to
prove the global existence, uniqueness, stability, and other
properties of the solutions of various nonlinear retarded differ-
ential and integral equations. The importance of these inequal-
ities stem from the fact that it is applicable in certain situations
in which other available inequalities do not apply directly.Acknowledgment
The authors are very grateful to the editor and the referees for
their helpful comments and valuable suggestions.
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